FINAL ASSIGNMENT
MODULAR FORMS 2019
PROF. ZEEV RUDNICK

Instructions: You may not cooperate with anyone on the project

Due Date: June 26,2019.

Put the completed assignment in my mailbox (keep a copy).

Exercise 2. Let L' = {(z,y) € Z* : z +y = 0mod 5} C Z?. Find the
Hermite normal form L' = {(a,b), (0,d)) for L, where a,d > 1, ad = [Z* : L]
and 0 < b < d.

Exercise 3. If f € S} is a cuspidal Hecke eigenform, with Hecke eigenvalue
T(n)f = Af(n)f, show that for prime p, and |X| < p k2,

> L 1
X/ =
jzo/\f(p]) 1—Af(p)X + pF—1X2

Exercise 4. Let 0o (n) = 3_4),, d*. We saw that it is a multiplicative func-
tion: oq(mn) = go(m)oq(n), if m, n are coprime. Show that for p prime

and r > 1,

r+1) 7’71)

0a(P)oa(p") = 0a(p") + p%oa(p

Exercise 5. Suppose f = A(0) + >, .-, A(m)¢™ € My, is a non-cuspidal

modular form of weight & (so A(0) # 0). We showed that T'(n) f = Ym0 Bn(m)q™

with
B, (0) = A0)y1(n)
and
Bym)= Y d’“_lA(%), m>1

dlged(m,n)

a) Show that the Eisenstein series Ej(7) = 1+ v, ,5; 0k-1(n)q¢" is an
eigefunction of all Hecke operators.

b) Show that if f € My \ Sk is a non-cuspidal eigenform of all Hecke operators
T(n)f =A¢(n)f, n>1, then \f(n) = op_1(n) and f = cE}.
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Exercise 6. Denote by D = A/(27)'? = ¢—24¢*4+252¢%+- - - = Y1 T(n)g"
the normalized modular discriminant, and Ey = 142403 -, 03(n)q" the
normalized Eisenstein series of weight 4.
a) Explain why the space Sa4 of cusp forms of weight 24 is spanned by

fi = DE} = q + 696> + 162252¢° + 12831808¢* + . ..

and
fo=D?=¢* —48¢3 +1080¢* + . . ..

b) Find the coefficients ¢, d in the expansion T'(2) fo = cf1 + dfa.
Optional: Compute the matrix of the Hecke operator T'(2) in this basis.

c) Let g4,g— € S24 be two linearly independent eigenvectors of T'(2). Ex-
plain why g4 are eigenvectors of all the Hecke operators T'(n).



